Abstract. Let k be a commutative ring containing 1 2
Introduction
Let (P, q) be a non-degenerate quadratic form over a commutative ring k of rank n = d + 2. Let Q d ⊂ P d+1 k be the quadric hypersurface Proj S(P * ) (q) where S(P *
is symmetric algebra of P * and q is considered as an element in S 2 (P ∈ k. If d = 2m + 1, then there is a stable equivalence of spectra
(A ). where det(P ) = Λ n P is the determinant of the projective module P . In both cases, the spectrum GW [i] (A ) fits into a homotopy fibration sequence GW [i] (k) → GW [i] (A ) → GW [i+1] (C 0 (q) σ ) where C 0 (q) is the even part of the Clifford algebra of q and σ is the canonical involution of C 0 (q). Moreover, this result also holds for GW -spectra.
Algebraic K-theory of quadric hypersurfaces was computed by Swan in the 1980s, cf. [28] . Swan proved that K(Q d ) ≈ K(C 0 (q)) ⊕ K(k) d for any commutative ring k. Theorem 1.1 above may be viewed as the Grothendieck-Witt analogue to Swan's result. Grothendieck-Witt theory (aka. Hermitian K-theory) as a refinement of algebraic K-theory was first studied by Bass, Karoubi and others in terms of algebras with involution, cf. [6] . The refinement stems from the data of duality. Loosely speaking, the data of duality allow us to study the category of non-degenerate quadratic forms which refines the category of finitely generated projective modules. Recently, Schlichting generalized Grothendieck-Witt theory of algebras with involution to that of exact categories and dg categories with duality, the results of which make Grothendieck-Witt theory bear a heavier burden, cf. [23] , [24] and [26] .
Grothendieck-Witt theory performs in Algebraic Geometry like the role of KOtheory in Topology (topological K-theory of real vector bundles), while algebraic K-theory is the algebraic analogue of KU -theory (topological K-theory of complex vector bundles). In topology, KO-theory usually refines KU -theory. Moreover, this refinement even helps to give the optimal solution. For example, the main cohomology theory involved in Adams' solution to vector fields on spheres problem is just KO-theory, cf. [1] .
In Section 2, we review the background of our framework, Grothendieck-Witt theory of dg categories [26] . To extend Swan's result to Grothendieck-Witt theory, we need the semiorthogonal decomposition on the derived category D b Q d of bounded complexes of finitely generated vector bundles on Q d which is reviewed in Section 3. We need a manipulation of the even part of the Clifford algebras with the canonical involution which is explored in Section 4. We also need to manipulate the duality on the dg categories of strictly perfect complexes on quadrics. This is done in Section 5 for the case of odd dimensional quadrics and in Section 8 for the case of even dimensional quadrics. In Section 6, we define a trace map
of Witt groups. Let p ∶ Q d → Spec k be the structure map. As an application of Theorem 1.1, we get the following result in Section 6 and 9. 
For the case of isotropic quadrics, we obtain the following result in Corollary 6.7 and Corollary 9.3. 
If d ≡ 0 mod 4, then there is an exact sequence
where p * is split injective.
Define the number δ(n) ∶= #{l ∈ Z ∶ 0 < l < n, l ≡ 0, 1, 2 or 4 mod 8}. This number is related to the vector fields on spheres problem; see [1] . For the case of quadric hypersurfaces defined by quadratic forms n⟨1⟩, we prove the following result in Theorem 10.1 and Theorem 10.3. Theorem 1.4. Let k be a field in which −1 is not a sum of two squares. Let Q 0,n be the smooth quadric associated to the quadratic form n⟨1⟩ of dimension d = n − 2.
is an exact sequence
This exact sequence may not be split, as the following result shows. This result is proved in Corollary 10.2 and Corollary 10.4. Corollary 1.5. Let Q 0,n be the quadric defined by the anisotropic quadratic form n⟨1⟩ over R. Then, ∈ k assumption is crucial for our computation, because we use the invariance theorem for GW [26, Theorem 6.5] which requires this assumption. In Nenashev's work [21] , Witt groups of split quadrics were studied. In Zibrowius's work [31] , Grothendieck-Witt (and Witt) groups of quadrics over C were computed. This paper focuses on the case of a general projective quadric over an arbitrary commutative ring k with 1 2 ∈ k. Besides, Dell'Ambrogio and Fasel [7] studied Witt groups of certain kinds of quadrics by forgetting the 2 primary torsions. This paper determines the 2 primary torsion for certain cases. Charles Walter gave a talk on Witt groups of quadrics on a conference; cf. [29] . Presumably, there is some overlap between our work. However, Walter's work has not been published. Calmès informed me that Walter's approach (presented in [29] ) involved the theory of spectral sequences, which is different from this paper.
Preliminary. Although some details are recalled, the author assumes that readers are familiar with the paper [26] , especially Section 1, 3, 6, 8 and 9, and with the paper [28] .
Review: Grothendieck-Witt theory
Let k be a commutative ring containing 1 2 . Let C(k) denote the symmetric monoidal category of cochain complexes of k-modules. Let A be a small dg category (that is a small category enriched in C(k)). The category Z 0 A of zero cycles (resp. H 0 A of zero cohomology) is called the underlying category (resp. the homotopy category) of the dg category A. A morphism in the dg category A means a morphism in Z 0 A. Every dg category A has a pretriangulated-hull A ptr (which is pretriangulated) such that A is a full dg subcategory of A ptr , Z 0 A ptr is Frobenius exact and H 0 A ptr is triangulated, cf. Section 1 [26] . Moreover, (−) ptr is functorial.
A dg category with duality is a triplet (A, * , can) consisting of a dg category A, a dg functor * ∶ A op → A and a natural transformation can ∶ 1 → * ○ * op such that can *
commutes. A dg category with weak equivalences is a pair (A, w) consisting of the following data: a full dg subcategory A w ⊂ A and a set of morphisms w in A ptr such that f ∈ w if and only if f is an isomorphism in the quotient triangulated category
ptr . An exact dg functor F ∶ (A, w) → (C, v) of dg categories with weak equivalences consists of a dg functor F ∶ A → C preserving weak equivalences, i.e. F (A w ) ⊂ C v . A quadruple A = (A, w, * , can) is called a dg category with weak equivalences and duality if (A, w) is a dg category with weak equivalences, if (A, * , can) is a dg category with duality, if A w is invariant under the duality and if can A ∈ w for all objects A in A. An exact dg form functor (F, ϕ) ∶ (A, w, * , can) → (C, v, #, can) consists of a dg form functor (F, ϕ) ∶ (A, * , can) → (C, #, can) such that the dg functor F ∶ (A, w) → (C, v) is exact. For every dg category A with weak equivalences and duality, there is an associated triangulated category T A = (T (A, w), * , can, λ) with duality, cf. Section 3 [26] . Any exact dg form functor A → C gives a duality preserving functor T A → T C of triangulated categories with duality. Any dg category A with weak equivalences and duality gives a pretriangulated dg category A ptr with weak equivalences and duality.
Let A = (A, w, * , can) be a dg category with weak equivalences and duality. Its Grothendieck-Witt group GW (A ) (resp. Witt group W (A )) is defined to be the Grothendieck-Witt group
where
is the corresponding exact categories with weak equivalences and duality, cf. Section 1 [26] . The n-th shifted version W [n] (A ) and
) which is just isomorphic to Walter's Grothendieck-Witt group (resp. Balmer's Witt group) of a triangulated category with duality, cf. Section 3 [26] . Given a dg category A with weak equivalences and duality, one can define the n-th Grothendieck-Witt spectrum GW [n] (A ) (cf.
Section 5 [26] ) and the n-th Karoubi-Grothendieck-Witt spectrum GW [n] (A ) (cf. Section 8 [26] ). Note that GW [n] (A ) and GW [n] (A ) are actually objects in the (large) category Sp of spectra. For the following theorems, we consider them as objects in the stable homotopy category SH of spectra. By a stable equivalence of spectra, we mean an isomorphism in SH. Actually, objects in Sp and SH are the same, but morphisms are different. One may find details in Appendix B2 [26] .
Theorem 2.1 (Agreement [26] ). Assume that 1 2 ∈ A . There are group isomor-
From now on, we shall use the notation
for any i ∈ Z (slightly abuse of the notation when i = 0). Any exact dg form functor A → C gives maps of spectra GW
(C ) and maps of groups GW
(C ). The following theorem is proved in [26, Theorem 6.5] .
Theorem 2.2 (Invariance of GW
Recall that a triangle functor F ∶ T 1 → T 2 is cofinal if it is fully faithful and every object in T 2 is a direct summand of an object in T 1 . The following is proved in [26, Theorem 8.9 ]. ∈ A , C . If F ∶ A → C induces a cofinal triangle functor T A → T C of triangulated categories, then F gives a stable equivalence of spectra GW [n] (A ) → GW [n] (C ).
A sequence T 1 → T 2 → T 3 of triangulated categories is called exact if the composition is trivial, T 1 → T 2 makes T 1 into a full subcategory which is closed under direct factor, and the induced functor T 2 T 1 → T 3 is an equivalence where T 2 T 1 is the Verdier quotient. A sequence A 1 → A 2 → A 3 of dg categories with weak equivalences and duality is quasi-exact if the induced sequence T A 1 → T A 2 → T A 3 is an exact sequence of triangulated categories. The following is proved in [26, Lemma 6.6] . ∈ A i . Assume that A 1 → A 2 → A 3 is quasi-exact. Then, there is a homotopy fibration of spectra
Consequently, there is a long exact sequence of groups 
Morita exact. Then, there is a homotopy fibration of spectra
Consequently, there is a long exact sequence of groups
Recall that a semi-orthogonal decomposition of a triangulated category T , denoted by ⟨T 1 , T 2 , ⋯, T n ⟩, consists of the following data:
(1) T i are full triangulated subcategories of T ;
Theorem 2.6 (Additivity [26] ). Assume ∈ A. Let A = (A, w, * , can) be a pretriangulated dg category with weak equivalences and duality, and let A 1 , A 2 , A 3 be full dg subcategories of A containing the full dg subcategory A w of w-acyclic objects. Assume that (1) A 2 is fixed by the duality (that is * (A 2 ) ⊂ A 2 ), (2) A 1 and A 3 are exchanged by the duality, i.e. * (A 1 ) ⊂ A 3 and * (
⟩ is a semi-orthogonal decomposition of T A. Then, there are stable equivalences of spectra (in SH)
Proof. We prove this for GW , and GW is an analog. Let v be the set of morphisms that become isomorphisms in the Verdier quotient T (A, w) T (A 2 , w). Then, we have a quasi-exact sequence (A 2 , w) → (A, w) → (A, v). By localization, we see that this sequence induces a homotopy fibration of spectra
Recall the hyperbolic dg category HA 1 , cf. [26, Section 4.7] . Define a dg form functor
Claim that the composition
induces an equivalence GW
[n]
gives a K-theory equivalence by the Invariance Theorem for K-theory. Moreover, the Witt groups of HA 1 and (A , v) are both trivial, so that HA 1 → (A , v) gives an isomorphism of Witt groups.
Then, we can apply the Invariance Theorem for GW . One may find these details in the proof of Proposition 6.8 [26] . Thus, we have
Let (A, * A , can A ) and (B, * B , can B ) be dg categories with duality. Recall the definition of tensor product dg category
with duality in Section 1.8 [26] .
Proof. Recall that a dg form functor (A,
consists of the following data: a dg functor
and a duality compatibility natural transformation
by the data, a dg functor A⊗? ∶ B → C ∶ B ↦ A ⊗ B and a duality compatibility map
We conclude the commutativity of ◻ 1 by the symmetry of the form ϕ, the commutativity of ◻ 2 by the commutative diagram (1) and the commutativity of ◻ 3 by the naturality of ǫ.
Let k be a commutative ring. We do not assume 1 2 ∈ k in this section. Let (P, q) be a non-degenerate quadratic form of rank n over k. One has a homogeneous ring A = S(P * ) (q) by regarding q as an element in S Let D b Q be the derived category of bounded chain complexes of finite rank locally free sheaves over Q. It is well-known that Swan's computation of K-theory of quadric hypersurfaces [28] can be adapted to deduce a semi-orthogonal decomposition of D b Q. Meanwhile, D b Q has been extensively studied, cf. [15] , [18] . Since Swan's version is mostly related to what we are doing, I will explain how to adapt Swan's computation of K-theory of quadrics to a semi-orthogonal decomposition of D b Q. I thank Marco Schlichting for sharing with me his personal notes on this. 
Define O(i) ∶= A(i). Recall from [28, Section 8] that there is a pairing O(i)⊗P
where the first map is induced by the pairing, where the middle map is the canonical isomorphism and where the last map is induced by the double dual identification.
If (P, q) is a quadratic form over k, the Clifford algebra C(q) is defined as T (P ) I(q) where T (P ) is the tensor algebra of P and where I(q) is the twosided ideal generated by v ⊗ v − q(v) for all v ∈ P . Moreover, the Clifford algebra C(q) = C 0 (q) ⊕ C 1 (q) is Z 2Z-graded from the grading on T (P ). Let ι ∶ P → C(q) be the inclusion. The Clifford algebra C(q) has the universal property in the following sense: for any k-algebra B,
It follows that there is a sequence (s
which is called Clifford sequence in [28, Section 8] . Swan defines
) be the n-th exterior power. Let Λ ∶= ⊕ n Λ n and Λ
(1) to the sequence (2), we get 
where Λ i ∶= 0 whenever i ≥ n and i ≥ 0. The differential
where the element γ = ∑ ξ i ⊗ β i ∈ P * ⊗ P * lifts q ∈ S 2 (P * ) via the natural surjective
The sequence (3) is exact, since Swan shows that, when i ≥ d, the sequence (3) and the Tate resolution (4) coincide and the maps in the sequence (3) has '2-periodicity', so the exactness of the sequence (3) 
is the derived category of bounded complexes of finitely generated projective left C 0 (q)-modules.
Proof. Note that
by [28, Lemma 5.2] and that 
There is a semi-orthogonal decomposition
Proof. Firstly, we show that the set 
It is clear that 
Proof. Let d = 2m + 1. By taking the tensor product O(m) ⊗ E for every element E ∈ Σ, we get another set
Clearly, this set generates D b Q as an idempotent complete triangulated category. 
that is the smallest triangulated subcategory of
The canonical involution
Let k be a commutative ring. Let A be a k-algebra. Recall that an involu-
op , x ↦x which is an involution (called canonical involution). Certainly, the canonical involution preserves the Z 2Z-grading on C(q), so it restricts to the even part C 0 (q).
Assume (P, q) is free of rank n over k. Let {e 1 , ⋯, e n } be a basis of P . Then the Clifford algebra C(q) is free of rank 2 n over k with a basis {e and tr(e ∆ ) = 0 for any ∆ ≠ 0 ∈ F n 2 . Let (k n , q h ) be the free quadratic form given by
is the hyperbolic form and a ∈ k × . Let (P, q) be a nondegenerate quadratic form of rank n over k. Then, there is an isomorphism
where S is some etale extension over k, cf. [28] . Then, one defines a (generalized) "trace" form C(q) → k by a ↦ tr(α(a ⊗ 1)). The trace form restricts to the even part C 0 (q).
Lemma 4.1. Let k be a commutative ring. Then, the trace form tr ∶ C(q) → k has the property tr(uv) = tr(vu).
Proof.
Step I. Assume (P, q) is free over k. It is enough to show that
Observe that
and that
Step
is the isomorphism of algebras above. Note that tr(
The trace form on C(q) together with the canonical involution gives a symmetric bilinear form . Consider C(q) as a right C(q)-module. Then the map
is a right C(q)-module isomorphism such that ϑ ∨ ○ can = ϑ where can ∶ C(q) → C(q) * * is the double dual identification.
Proof. The map ϑ is clearly a k-linear isomorphism. The only less obvious thing to check is that ϑ(xa)(y
Using the identity tr(uv) = tr(vu) for any u, v ∈ C(q), we conclude the result. If F is a vector bundle, we denote the sheaf hom
∨∨ be the canonical double dual identification. Recall the notation in the previous section. . Let (P, q) be a non-degenerate quadratic form over k. Then, there are isomorphisms
of O-modules and right C 0 (q)-modules. Moreover, we have the following equalities
Proof. Let C s denote C s (q) for s ∈ Z 2Z for simplicity. Define a map
. It is evident that η i is an isomorphism, because η i is the following composition
∨ is the natural isomorphism, ϑ is defined in Lemma 4.3 and the last map is just the canonical isomorphism. Note that C s = C −s . By Lemma 4.3 and Remark 4.4, we see η i are well-defined right C 0 (q)-homomorphisms.
Assume k is a local ring (by localizing at a prime ideal), we see the map ℓ may be interpreted
The left-hand side equals ∑ β i f g ⋅tr(ξ i mn) = ∑ β i f g ⋅tr(mξ i n), while the right-hand side equals ∑ β i f g ⋅ tr(mξ i n). Note thatξ = ξ ∈ P . This provides the equality.
Then, the dotted map h i is just given by the universal property of cokernels. Since η i are isomorphisms, so are the maps h i . The last assertion is obtained by the symmetry of ϑ in Lemma 4.3.
Grothendieck-Witt spectra of odd dimensional quadrics
Let k be a commutative ring with 1 2 throughout this section. Let sPerf(Q d ) be the dg category of strictly perfect complexes over Q d , that is the dg category of bounded cochain complexes of finite rank locally free sheaves over
be the canonical double dual identification. Take quasi-isomorphisms as weak equivalences. The quadruple
is a dg category with weak equivalences and duality, cf. [26, Section 9] . Then, the triangulated category
).
Note that GW
[i]
One could write a similar notation for the case of GW -spectra.
We define A i , A [k,l] and A to be the full dg categories of sPerf(Q d
It follows that U −1 ∈ A. By Lemma 4.5, we see 
and a stable equivalence of Karoubi-Grothendieck-Witt spectra
Proof. This result is a consequence of the additivity theorem (cf. Theorem 2.6) and Corollary 3.4.
Recall from [26] that we have
By additivity in K-theory, we conclude
induces an equivalence of associated triangulated categories 
It remains to understand GW [i] (A ) and GW [i] (A ). Let w be the set of morphisms in A that become isomorphisms in the Verdier quotient
This quotient category is equivalent to T (A , w). Then, there is a quasi-exact sequence (hence Morita exact)
in the sense of [26, Section 6] which provides localization sequences of
by [26, Theorem 6.6] , and localization sequences of Karoubi
by [26, Theorem 8.9] . The exact dg form functor
gives an equivalence O⊗? ∶ D 
Thus, we deduce homotopy fibrations of GW -spectra
and of GW -spectra
(A , w).
Next, we study GW [i] (A , w) and GW [i] (A , w).
Recall the exact sequence
obtained by the definition of U i , and delete the component U −1 . We obtain a (cochain) complex concentrated in degree [0, 1] where the form µ is represented by the following left roof
The only non-trivial component in the morphism t ∶ Cl [0,1] → U 0 is the map id ∶ U 0 → U 0 in the degree 0, and the only non-trivial component of the map
Proof. It is clear that s is a quasi-isomorphism so that s ∈ w. Moreover, we observe that cone(t) is in T (A 0 , quis) so that t ∈ w. Thus, µ is an isomorphism in T (A , w). We show µ is symmetric, i.e. µ ∨ ○ can U0 = µ. Observe µ ∨ ○ can U0 is represented by a right roof. The result can be obtained by noting that the following morphism of complexes is null-homotopic.
Here, all the maps are defined (recall Lemma 4.5 and its proof).
The proof of [26, Lemma 3.9] tells us that the form (U 0 , µ) (in Lemma 5.4) can be lifted to a symmetric form (B U0 , B µ ) in the dg category (A , w,
with weak equivalences and duality, such that the morphism B µ is in w and that
is displayed as follows. 
By abuse of notation, we write (A-dgMod-B, # I ) for this dg category with duality. Let A, B be dg algebras with involution. Then, there is a dg form functor
, id) and B = (C 0 (q) σ ), we deduce the following result.
Lemma 5.5. There is a dg form functor
We have already seen
] is a symmetric form in the dg category with duality (O-dgMod, # O[−1] ). We further observe the following result.
Proof. We only need to show B µ is a right C 0 (q)-module map. This can be seen directly by Lemma 4.5 and its proof.
By Lemma 2.7, we obtain the following result.
Corollary 5.7. There is a dg form functor
Let sPerf(C 0 (q)) be the dg category of strictly perfect complexes of finitely generated left projective C 0 (q)-modules. Since sPerf(C 0 (q)) ⊂ C 0 (q)-dgMod and A ⊂ O-dgMod are full dg subcategories, we get the following result.
Corollary 5.8. There is a dg form functor
). Taking weak equivalences into account, we get an exact dg form functor
which induces an equivalences of associated triangulated categories. Let
(sPerf(C 0 (q)), quis, # σ C0(q) ). By invariance for GW and GW , we find stable equivalences
(A , w) and
Summarizing the above discussion, we have proved the following. . Then there is a stable equivalence of spectra
where GW [i] (A ) fits into another homotopy fibration sequence
Moreover, this result also holds for GW -spectra.
Witt groups of odd dimensional quadrics
In this section, we prove Theorem 1.2 when d is odd. Note that Balmer's Witt groups
Lemma 6.1. Let k be a commutative ring with
Then there is an isomorphism W
Proof. Note that K(k) is the connective K-theory in our framework. Taking negative homotopy groups over both sides of the equivalence
we see the result.
Recall the trace map tr ∶ C 0 (q) → k in Section 4. Now, we introduce a map
Observe that the forgetful dg functor
(by forgetting the left C 0 (q)-module structure) induces a dg form functor
with the duality compatibility map defined by the composition of k-module maps
where the map i is the inclusion and where the map tr is the trace map in Section 4. This dg form functor restricts to an exact dg form functor
which provides the map tr ∶ W To prove Theorem 6.2, we need the following lemma. Recall the exact sequence A 0 → A → A A 0 of triangulated categories which gives a map
(A 0 ) called the "connecting homomorphism" in [2] . The map ∂ 3 may be interpreted by the trace map tr in the following sense. Lemma 6.3. Let k be a commutative ring with
is commutative, where U (resp. G) denotes the map (U 0 , µ)⊗? (resp. (O, id)⊗?).
Proof. Let b be an element in
where M is a finitely generated left projective C 0 (q)-module. It is enough to check
where t is the projection and where s consists of the composition
in the degree 1. Note that s is a quasi-isomorphism. Now, we use the procedure introduced in [2] to investigate ∂ 3 (U (b)). Observe that there is an exact triangle
in the triangulated category A, and a symmetric form of exact triangles
) with duality. Note that the map
is a symmetric form in the triangulated category (A, # O[−1] ) with duality. Moreover, it is isometric to the symmetric space
Proof of Theorem 6.2. By four-periodicity, Lemma 6.1, Lemma 6.3 and Theorem 5.9, we find a 12-term long exact sequence (5)
Note that if k is a commutative semilocal ring containing Proposition 6.4. Let k be a field of characteristic ≠ 2. Let n = d + 2 be an odd number. Let Q d be the quadric defined by the quadratic form ⟨a 1 , . . . , a n ⟩ with a i ∈ k × . Then, the map p
where ⟪a 1 a 2 , . . . , a 1 a n ⟫ ∶= ⟨1, a 1 a 2 ⟩ ⊗ ⋯ ⊗ ⟨1, a 1 a n ⟩ is the Pfister form.
Proof. There is always an element β in W 0 (C 0 (q) σ ) represented by the form
Let {e 1 , . . . , e n } be an orthogonal basis of the quadratic form q. The Clifford algebra C(q) has a basis {e ∆ ∶ ∆ ∈ F n 2 } where e ∆ ∶= e 
is an isomorphism. However, this map need not be an isomorphism for n > 3. This means in general we could have tr(b) ∈ ⟪a 1 a 2 , . . . , a 1 a n ⟫W
Lemma 6.6. Let k be a field of characteristic ≠ 2. Let Q d be the quadric defined by an isotropic quadratic form q over k. Then, the map p
Proof. Since q is isotropic, the quadric Q d has a rational point
The map s * is a splitting of p * .
We immediately deduce the following result.
Corollary 6.7. Let k be a field of characteristic ≠ 2. Let Q d be the quadric defined by an isotropic quadratic form q over k. If d is odd, then
7. An exact sequence Let k be a commutative ring. Let (P, q) be an n-dimensional non-degenerate quadratic form over k. Recall that Q d is the variety Proj(S(P * ) q) of dimension d = n − 2. Consider the following maps of exact sequences
where the middle row is the exact sequence (3) with (6) is commutative. By taking kernels of maps between the bottom and the middle exact sequences of the diagram (6), we obtain the exact sequence in the top row. In particular, we see that
Let s denote the composition
Then, we have proved the following result. Proposition 7.1. There is an exact sequence
where the sequence of maps
is the Tate resolution truncated from T −d+2 . − 1) , we obtain another exact sequence
This exact sequence is of length n = d + 2. We denote it by T [−m,m] .
Grothendieck-Witt spectra of even dimensional quadrics
Let d = 2m be an even integer throughout this section. Let Q d be a smooth quadric hypersurface of dimension d corresponding to a non-degenerate quadratic form (P, q) of rank n = d+2. This section is devoted to prove the following theorem. . Then there exists a homotopy fibration sequence of spectra
(sPerf(k), quis, # det(P ) , can) and GW [i] (A ) fits into another homotopy fibration sequence
Proof. Recall from Corollary 3.4 the semi-decomposition
Recall that the quadruple
is a dg category with weak equivalences and duality. Let C ′ be the full dg subcategory of sPerf(Q d ) associated to the triangulated category A ′ . Let v be the set of morphisms in sPerf(Q d ) which become isomorphisms in the Verdier quotient
Observe that the sequence of dg categories with weak equivalences and duality
is quasi-exact (hence Morita exact). So, it induces localization sequences of GWspectra
We shall compute GW
The result follows.
Lemma 8.2. Let k be a commutative ring containing 1 2 . Then, there is a stable equivalence of spectra
Proof. Observe that GW . Then, there is an equivalence
of spectra. A similar result holds for the case of GW -spectra.
Before proving Lemma 8.3, we provide the necessary background information. Consider the exact sequence
Denote this new complex by T [1−m,m] . Note that
Let (O(m), ψ) denote the right roof
is the composition
in the degree −d.
Lemma 8.4. Let k be a commutative ring containing 1 2 . Then, the left roof (O(m), ψ) is a symmetric space in the category with duality
for some ǫ ∈ k × such that ǫ 2 = 1 where # det(P * ) is the duality given by the functor
If k is a local ring containing 1 2 , then ǫ = ±1.
Proof. It is enough to show that ι and s are both weak equivalences and that ψ is ǫ-symmetric. Indeed, s is a quasi-isomorphism, hence also a weak equivalence, cf. Corollary 7.2. Furthermore, the cone of the morphism ι in D b Q is already in the triangulated category A [1−m,m−1] . Thus, ι is a weak equivalence and we conclude ψ is an isomorphism in
Next, we show that ψ = ǫψ t for some ǫ ∈ k × such that ǫ 2 = 1. In fact, the morphism ψ can also induce an isomorphism
The right-hand side is isomorphic to
It is clear that ǫ 2 = 1 implies ǫ = ±1 when the base is Z[
] or a local ring, then every projective module over k is free. In particular, the projective module P involved in the duality # det(P * ) is free. Thus, we can conclude ǫ = ±1 by using the base change via the canonical map Z[
The element ǫ ∈ k × will be determined later. Consider the dg form functor
with the duality compatibility map 
with weak equivalences and duality, such that the morphism B ψ is in v and that
Lemma 8.5. Let k be a commutative ring containing 1 2 . Then, there is a dg form functor
Proof. This is a consequence of Lemma 2.7 and the preceding discussion.
Restricting our attention to the full dg subcategory sPerf(k) ⊂ k-dgMod and taking the class v of weak equivalences into account, we record the following result. Lemma 8.6. Let k be a commutative ring containing 1 2 . Then, there is an exact dg form functor
of dg categories with weak equivalences and duality for some ǫ ∈ k × such that ǫ 2 = 1.
It is well-known that the composition of functors
is an equivalence, where the first functor is the inclusion and the second one is the quotient. Furthermore, this equivalence induces an equivalence of categories
Thus, the functor B O(m) ⊗? ∶ sPerf(k) → sPerf(Q) induces an equivalence of associated triangulated categories. By invariance of GW and GW , we obtain the following lemma.
Lemma 8.7. Let k be a commutative ring containing 1 2 . Then, the map
is a stable equivalence of spectra for some ǫ ∈ k × such that ǫ 2 = 1.
Assume that k is a field of characteristic ≠ 2 (Then, the duality given by det(P ) ≈ k is the trivial duality). In this case, we can compute the element ǫ in Lemma 8.7. It is clear that ǫ 2 = 1 implies ǫ = ±1 if k is a field. Recall that d = 2m. If k is a field containing 1 2 , I claim ǫ = −1 is impossible, hence ǫ must equal 1. Note that by our notation −1 GW
(Q, v). If m is odd, then there is a homotopy fibration GW [2] (C ′ ) → GW [2] (Q) → −1 GW (Q, v) ≈ GW [2] (k)
by Lemma 8.7 and the 4-periodicity. Taking the negative homotopy group π −4 to the fibration, one has an exact sequence
By the base change via the obvious map k →k, an exact sequence 
(Q, v)
Assume ǫ = −1. By Lemma 8.7 and the 4-periodicity, we have −1 GW [2] (Q, v) ≈ GW [2] (k). These data provide an exact sequence
By the proof of the odd dimensional case in Section 6, we deduce that (k, det(P ))
If k is a local ring containing 1 2 , then ǫ = ±1 by Lemma 8.4.
Lemma 8.9. Let k be a local ring containing 1 2 . Then, there is a stable equivalence
of spectra.
Proof. Let F be the residue field of k. Using the base change via the quotient map k → F , we conclude the result. Now, we have enough information to prove Lemma 8.3.
Proof of Lemma 8.3. If k is a commutative ring containing 1 2 , we need to compute the element ǫ ∈ k × in Lemma 8.4. Let k p be the localization of k at a prime ideal p, and let ǫ p be the image of ǫ under the map k → k p . If d = 2m, then we have ǫ p = 1 in k p for any prime ideal p of k by Lemma 8.9 . This implies ǫ = 1 in k. Note that
Witt groups of even dimensional quadrics
Let d = 2m be an even integer. In this section, we continue our study of Balmer's Witt groups W . Let d = 2m. Then, there is an exact sequence
Proof. Taking the negative homotopy groups of the fibration sequence
we see the results.
Having this lemma in hand, we are able to prove 
Proof. By Lemma 9.1, we are reduced to studying W
. Similar to the odd dimentional case in Section 6, we have the following 12-term long exact sequence
Note that if k is a commutative semilocal ring containing 
According to Lemma 9.1, we obtain another 12-term long exact sequence
where we use the fact that W 2i+1 (k, det(P )) = 0 for any semi-local ring k (because any projective module over a connected semi-local ring is free, and
Corollary 9.3. Let d be an even number. Let k be a field of characteristic ≠ 2. Let Q d be the quadric defined by an isotropic quadratic form q over k. Then, 
Proof. If q is isotropic, then the pull-back p
cf. Lemma 6.6. It is enough to prove the map tr
Observe that there is a commutative diagram
t t t t t t t t W
where all the maps are uniquely defined by the context above. Therefore, the map W
Witt groups of Quadrics defined by m⟨−1⟩ ⊥ n⟨1⟩
Let k be a field in which −1 is not a sum of two squares. Let Y denote the quaternion algebra (
Note that the algebra Y is a division algebra. Let Q m,n be the quadric hypersurface defined by the quadratic form q m,n = m⟨−1⟩ ⊥ n⟨1⟩. Following Karoubi (cf. [14, Chapter III.3] and [20, Chapter V]), we write C m,n 0 ∶= C 0 (q m,n ) and C m,n ∶= C(q m,n ) for convenience. Assume n + m ≥ 2 (otherwise Q m,n = ∅). There are, namely, three cases to be considered: Case 1. m ≥ 1 and n ≥ 1. In this case, the quadric Q m,n is defined by an isotropic quadratic form. Then, Corollary 6.7 and Corollary 9.3 apply.
Case 2. m = 0 or n = 0, and m + n is odd. We only need to consider Q 0,n , since Q 0,n ≈ Q n,0 as algebraic varieties. Note that C 0,n 0 ≈ C n−1,0 . We copy the table on [20, p. 125 ] for this case. Table 1 n=3 n=5
The type of the canonical involution is determined in [17, Proposition 8.4] . The Clifford algebra is 8-periodic in the sense that
). By Morita equivalence, we see that
where σ s is the involution which is the 1 on the center and −1 outside the center.
Theorem 10.1. Assume k is a field in which −1 is not a sum of two squares. Then,
where δ(n) is the cardinality of the set {l ∈ Z ∶ 0 < l < n, l ≡ 0, 1, 2 or 4 mod 8}. is isomorphic to M 2 n (Y ), we can choose the k-vector space basis {h 1,t (a) ∶ a ∈ {1, i, j, k}} of Σ(q). If C 0,n 0 is isomorphic to M 2 n (k), we can choose the k-vector space basis {h 1,t (1)} of Σ(q). In terms of this choice of basis, it is then an exercise to check that tr sends
Proof. It is enough to show Im(tr)
For n > 9, one can check tr still sends b ∶ Σ(q) × Σ(q) → C 0,n 0 to the diagonal form 2
Corollary 10.2. Let n = d + 2 be an odd number. Let Q 0,n be the quadric defined by the anisotropic quadratic form n⟨1⟩ over R. Then, 
/ / Z for n ≥ 2 by the proof of Theorem 10.1, so that ker(tr) = 0. By Theorem 6.2, we conclude W
Case 3. m = 0 or n = 0, and m + n is even. Again, we only consider Q 0,n and copy parts of the table on [20, p. 125 ] for this case. Table 2 n=2 n=4 n=6 Let (P, q) be a nondegenerate quadratic form of rank n over k. Let C(q) be the Clifford algebra of (P, q) and let C 0 (q) be its even part. Let σ be an involution of the first kind on C(q) (the one induces the identity on the center). Certainly, W 2l+1 (C 0 (q) σ ) = W 2l+1 (C(q) σ ) = 0 if the base k is a field of characteristic ≠ 2 by [22] , since Clifford algebras are semisimple over a field. In this appendix, we go a little further. If k is local of characteristic ≠ 2, then we can assume P is free and we can find a basis {e i } 1≤i≤n of (P, q) and write q ≈ ⟨α 1 , . . . , α n ⟩ with α i = q(e i ) ∈ k × .
Theorem A.3. Let k be a commutative semilocal ring containing 1 2 . Then
if one of the following additional assumptions hold.
(i) (k, J(k)) is a Henselian pair, (ii) k is a local ring containing a field F such that F is isomorphic to the residue field and q(e i ) ∈ F × , (iii) k is a regular local ring containing a field F .
To prove this theorem, we need the following lemmas. Lemma A.7. Let k be a commutative ring. Then both C(q) and C 0 (q) are separable k-algebras.
Proof. See [11, Theorem 9.9 on p. 127].
Lemma A.8. Under the assumption (ii) of Theorem A.3, both C(q) and C 0 (q) are semiperfect.
Proof. Let m be the unique maximal ideal of k. Note that J(C(q)) = mC(q) by Lemma A.4 and A.7. It is enough to show that idempotents of C(q) mC(q) can be lifted to C(q). Let {e i } 1≤i≤n be an orthogonal basis of (P, q). If ∆ = (c 1 , . . . , c n ) ∈ F n 2 , then we write e ∆ ∶= e c1 1 ⋯e cn n . It is well-known that C(q) has a k-basis {e ∆ ∶ ∆ ∈ F n 2 }. Letē = ∑ iāiē ∆i (withā i ∈ k m) be a non-zero idempotent in C(q) mC(q). For each nonzeroā i ∈ k m, we can find an element a i ∈ F × liftingā i via the isomorphism F ↪ k → k m. Define e = ∑ i a i e ∆i . Claim that e is an idempotent in C(q). If not, then e 2 − e = ∑ λ b λ e∆ λ for some b λ ∈ F × (because a i and q(e i ) are all in F × ). It follows thatē 2 −ē ≠ 0 ∈ C(q) mC(q). This contradicts the assumption thatē is an idempotent in k m. Using the k-basis {e ∆ ∶ ∆ = (c 1 , . . . , c n ) ∈ F n 2 and ∑ i c i = 0 ∈ F 2 } for C 0 (q), we see that the same strategy works for the idempotent lifting property of C 0 (q) with respect to J(C 0 (q)).
Proof of Theorem A.3. By Corollary A.2, Lemma A.6 and Lemma A.8, we obtain the result under the assumption (i) or (ii). The result under the assumption (iii) can be concluded by [10] .
Remark A.9. Clifford algebras over local rings need not be semiperfect in general. For example, the quaternion algebra (
) is not semiperfect for any prime p > 0 where Z (p) is the localization of Z at the multiplicative system Z − (p). However, it still might be the case for W 
